Low—Order Approximations for Membrane Blood Oxygenators

Considerable attention has recently been paid (I, 2) to
the characterization of blood oxygenators; this is because
successful long term extra corporeal oxygenation could
lead to striking clinical advances in such varied areas as
hyaline membrane disease and pneumonia. Among the
probable factors limiting permissible oxygenation time is
damage to the blood resulting from both pumping and
passage through the oxygenator. Hence it is important to
limit both the mass transfer surface and viscous dissipa-
tion as much as possible. This paper is concerned only with
membrane oxygenators as these appear to be the least
damaging to blood, and hence of greatest potential inter-
est. The problem of carbon dioxide removal will not be
considered here. )

All meaningful existing analyses known to the author
are straight-forward numerical integrations of the com-
bined continuity equations for dissolved oxygen and oxy-
hemoglobin. These have proven very expensive of com-
puter time, to the point where many of the possibly im-
portant features of the oxygenation process have neces-
sarily been neglected, for example allowance for finite
reaction rate, the coupling hetween oxygen absorption
and carbon dioxide removal, and allowance for variable
boundary concentrations. Much of the difficulty of obtain-
ing economical numerical descriptions results from the
chemical nature of the oxygen-hemoglobin system, in par-
ticular the tendency to develop very large second deriva-
tives of oxygen concentration with respect to position in
the exchanger. It is, however, just these features which
lend themselves to simple and reliable approximation pro-
cedures, long used in heat and mass-transfer applications
such as freezing (3) and corrosion of metals (4).

Approximations of this type, while not a complete sub-
stitute for numerical procedures, can be very useful. They
provide considerable physical insight into the nature of
the process under consideration and permit rapid evalua-
tion of the importance of effects neglected in presently
available numerical analyses. For these reasons the author
began his recent involvement in blood oxygenation by a
review of low-order approximations.
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Fig. 1. Zeroth-order model of a blood oxygen-
ator, Zo = ReSc[Cro/Cy-Co)1D.
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The present communication deals with the simplest of
those attempted, referred to henceforth as the zeroth-order
approximation, and considers only oxygen transfer. This
approximation appears to be remarkably reliable and of
real utility for orientation and preliminary design purposes.
It represents an extension of the technique of Marx, et al.
(5) and provides greatly increased accuracy by properly
allowing for convection in the flowing fluid. Higher order
approximations and the problems of simultaneous oxygen
and carbon dioxide transfer will be treated later.

The zeroth-order analysis owes its simplicity to the fol-
lowing characteristic features of the oxygenation process:

1. The rapidity of the oxygenation reactions, here con-
sidered instantaneous, as in all other available analyses of
membrane oxygenators.

2. The large difference between the oxygen partial
pressure in the aerating gas (normally on the order of
700 mm. mercury or higher) and the equilibrium oxygen
partial pressure over entering venous blood (seldom over
about 70 mm. mercury for design conditions).

3. The large ratio of chemical to physical oxygenation
capacity in oxygen-saturated blood, about 60 to 1 for
physiological conditions and 10 or 15 to 1 in oxygenators.

In the zeroth approximation then the system can be con-
sidered to consist of two zones, as pictured in Figure 1 for
a round tube. In the outer zone it is assumed that all
hemoglobin is fully oxygenated and oxygen transport is
primarily by diffusion. In the central region hemoglobin
is assumed to be in the same state as in entering venous
blood.

The behavior of a round tube oxygenator may then be
described as follows, assuming steady laminar flow:

The oxygenated zone (p < r < R):
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_ Nr — Oam ( 0) (1)

R InR/p
where N, is the radial molar flux of O; and DO,m is the
effective diffusivity of dissolved O, through blood. Other
symbols are defined in the figure. In this zone diffusion is
primarily radial and predominates over convection be-

cause of the low solubility of oxygen.
The unoxygenated region (O < r <p):

P
Q= 211.’; CpVrdr (2)

where Q is the local rate of flow of unoxygenated hemo-
globin down the tube, and Vz is local fluid velocity. It
will be convenient for comparative purposes to assume
Newtonian flow, that is, a parabolic velocity profile. For
this situation
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It is here that present treatment differs in an important

way from the earlier one of Marx, et al. (5).
Rate of shrinkage of the venous core:

dQ
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by a material balance. Hence for constant Cy
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and <V> is the flow-average velocity. Obvious modifica-
tions must be made in Equation (5) if wall resistance is
appreciable. The corresponding expression for flow be-
tween parallel plates separated by a distance D is
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The { — 7 relation for round tubes is plotted in Figure 2.
It may be seen that in each case the zeroth-order analysis
predicts complete oxygenation of the venous core in a
finite reactor length. It remains to determine the frac-
tional saturation, f, of the entering blood. The definition
consistent with the above approximation is
Qo —
f= Q-Q (7)
Qo

where Qo is the rate at which unoxygenated hemoglobin
enters the exchanger. It follows from this definition that

f=1=29"+7' (8)
for round tubes and

3 1.
f=1—57)+"é-77° (9)

for flow between flat plates. The corresponding f — { re-
lation for tubes is shown in Figure 2.

It is now instructive to compare the above zero-order
analysis with the results of numerical integration of the
oxygen-hemoglobin continuity equation. We choose here
calculations of Weissman and Mockros (2) based on the
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Fig. 3. Comparison of the zeroth-order model

with the numerical analysis of Weissman and

Mockros (2). The curve represents the numeri-

cal results of Weissman and Mockros for con-

ditions cited in the text. The points represent

corresponding predictions of the zeroth-order
model.

following conditions: [These were the conditions used to
construct Weissman and Mockros” Figure 5. These values
correspond to (a rather high) 759 chemical saturation of
the venous blood and (a normal value of) 949 by vol-
ume of oxygen in the aerating gas. Atmospheric pressure,
not stated by Weissman and Mockros, was estimated as
745 mm. mercury, approximately normal for Chicago.]

Cgo = 2.31 X 10732 g.-moles/liter
Cy = 0.942 x 1073 g.-moles/liter
Co = 0.0943 x 1073 g.-moles/liter

These conditions provide a very severe test of the approxi-
mation procedure since Cpg is only about three times (Cy,
— Cyp). To make an allowance for the physical oxygen
capacity of the system an effective value of Cgy was used
defined by

1
(Cno)err = 231 X 1072 + — 0,85 x 102

This corresponds to use of the limiting transpiration ef-
fectiveness of % in film theory (6).

Comparison of the zero-order analysis with the more
elaborate analysis of Weissman and Mockros is shown in
Figure 3. The curve drawn in this figure is that of Weiss-
man and Mockros; the points are representative results
of the zeroth-order analysis. It can be seen that the two
methods do not differ significantly (keeping in mind the
uncertainties in any real apparatus), even for this rather
severe test case. Similar agreement can be obtained with
other published analyses.

Once again it should be stressed neither this nor other
low-order approximations is a satisfactory substitute for
exact numerical calculation. In fact the author is indebted
to Drs. Weissman and Mockros for use of a prepublication
copy of their paper. However, they are useful and are to
be preferred to numerical solutions whenever high preci-
sion is not needed.
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